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We consider the time evolution of the gaps of the entanglement spectrum for a block of consecutive sites in
finite transverse field Ising chains after sudden quenches of the magnetic field. We provide numerical evidence
that, whenever we quench at or across the quantum critical point, the time evolution of the ratios of these gaps
allows us to obtain universal information. They encode the low-lying gaps of the conformal spectrum of the
Ising boundary conformal field theory describing the spatial bipartition within the imaginary time path integral
approach to global quenches at the quantum critical point.
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I. INTRODUCTION
Quantum many-body systems described by local Hamil-
tonians are difficult to solve because the dimensionality of
their Hilbert space increases exponentially with the number
of their constituents. At equilibrium however the wave func-
tions of quantum many-body systems characterized by gapped
Hamiltonians contain a limited amount of entanglement with
a well defined structure that can be used to perform numerical
simulations with tensor networks [1–6]. At quantum critical
points (QCPs), where the Hamiltonians become gapless, the
ground state wave function becomes more complex, since the
entanglement grows. This growth follows universal laws [7]
that allow us to unveil the data of the underlying conformal
field theory (CFT) in the specific case of conformal invariant
QCPs [8,9]. In two spacetime dimensions, these data include
the central charge c, the exponents dictating the decay of
correlation functions (the conformal spectrum), and the co-
efficients of the operator product expansion.
The power of universality allows us to obtain the universal
data by studying the system, e.g., by discretizing the space on
a finite lattice and performing finite-size scaling [10], or by
limiting the amount of entanglement in the ground state and
performing finite-entanglement scaling [11]. In two spacetime
dimensions, the central charge c can be read from the scaling
of the entanglement entropy (EE) of an interval with respect
to its size [12–15]. The remaining CFT data are encoded, e.g.,
in the EE of a bipartition where a part is made by disjoint
intervals [16–20], in a complicated way. The entanglement
spectrum (ES) [21–30], i.e., the spectrum of the reduced
density matrix, can be related to the conformal spectrum of
a conformal field theory with boundaries (BCFT) defined by
proper conformal boundary conditions (CBC) [31], as also
observed by Läuchli in numerical studies [30].
Entanglement plays a central role in our understanding of
large many-body quantum systems; indeed it gives access
to universal information without needing to understand the
details of the model, such as, e.g., the presence of an order
parameter. As a result, numerous proposals on how to measure
entanglement in experiments have led toexperimental mea-
sures in the context of cold atoms and trapped ions both at
and out of equilibrium [32–43]. Experiments are expected to
play an increasingly important role out of equilibrium [35],
where the amount of entanglement increases to its maximum
value very fast with time [44–46]. This entanglement bar-
rier prevents one from extracting reliable predictions at long
time even when our best classical-simulation techniques are
employed [47–50] (see Refs. [51–55] for recent proposals
to overcome this barrier). As a result, important questions
about strongly correlated many-body quantum systems out
of equilibrium are only partially understood and currently
can only be settled experimentally. Examples of open ques-
tions include the existence of phases of matter out of equi-
librium [56–58], the presence/absence of equilibration, the
phenomenon of thermalization or generalized thermalization
that should reconcile the reversibility of quantum mechanics
with the irreversibility of the macroscopic world [59–62].
While exact solutions of the out-of-equilibrium dynamics
are exponentially expensive, several approximate methods are
available. They include semiclassical approximations based of
truncated Wigner distributions, spin-wave analysis, and tensor
network simulations where the dynamics is restricted on low-
entangled subspace of the Hilbert space.
It is important to understand if those approximate solutions
retain information about relevant physical properties of the
dynamics. Equilibrium phenomena seem to suggest that, if a
form of universality out of equilibrium is identified, it should
be detectable even through these approximate methods, after
appropriate scaling analysis. In this letter we discuss a form
of universality based on out-of-equilibrium dynamics.
Out-of-equilibrium universality has been observed only
in some specific scenarios where the scaling of the
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spatio-temporal evolution of the system can be described by
universal exponents and functions (see Ref. [63] for a recent
experiment and references). Dynamical quantum phase tran-
sitions, appearing as singularities in the return probabilities
to the initial state quenched across a quantum critical point,
could also provide a scaling region explainable through out-
of-equilibrium universality [64–66].
In this paper we consider the spin- 12 transverse field Ising
chain (TFIC). We study the time evolutions of the ES of an
interval made by consecutive sites after a global quench. We
provide numerical evidence that, for quenches to the QCP or
across the QCP, the gaps of the ES carry information about
the conformal spectrum of the Ising BCFT describing the
QCP. These results are quite robust under changes of the
quench protocol, suggesting an example of out-of-equilibrium
universality.
II. SETUP
The Hamiltonian of the TFIC is






i+1 + cot θ
L∑
i=1
σ zi + η σ xLσ x1
)
, (1)
where L is the number of sites, σαi are the Pauli matrices at
the i-th site, and cot θ is the magnetic field, with 0 < θ <
π
2 . The parameter η encodes the boundary conditions: here
we consider η = 1 or η = 0, corresponding, respectively, to
periodic boundary conditions (PBC) or free open boundary
conditions (OBC). At zero temperature, this model exhibits a
ferromagnetic (ordered) phase for π4 < θ < π2 and a paramag-
netic (disordered) phase for 0 < θ < π4 , separated by a QCP
at θ = π4 .
The bipartite entanglement can be studied by partitioning
the system into an interval A made by  < L/2 consecutive
sites and its complement B. Introducing the reduced den-
sity matrix ρA = TrBρ, we study its eigenvalues λi ≡ e−ξi ,
where ξi  0, which provide the ES. The EE of A is SA =
−TrA(ρA log ρA). The system is prepared in the ground state
|ψ0〉 of Eq. (1) with θ = θ0. At t = 0, the quench θ0 → θ
of the magnetic field brings the system out of equilibrium
and the time evolved state for t > 0 is |ψ (t )〉 = e−i H (θ ) t |ψ0〉.
It is worth considering the gaps gr ≡ log λmax − log λr =
ξr − ξmin  0 with r  1 and also their ratios gr/gs, that are
independent of an arbitrary shift of the eigenvalues and of a
rescaling of the entire spectrum.
We study the time evolutions of gr/g1 and of (gr )−1
after quenches of θ in the TFIC for the first 16 eigenvalues
(grSA has been also considered in Ref. [67]). The numerical
results are obtained by using the mapping of the TFIC to free
fermions [68–72] (see also Ref. [53] and references therein).
Similar studies have been recently performed in an infinite
harmonic chain and an infinite chain of free fermions at half
filling [73].
When the subsystem A is half of an infinite line, it has
been found through a CFT analysis that the time evolution
after a global quench to the QCP of gr/gs, (gr )−1 and grSA
encodes the critical exponents of the underlying BCFT [31].
The corresponding analyses for the configurations considered
in this paper are not yet available in the literature.
I II III
FIG. 1. Time evolutions of the first 16 eigenvalues λmax  λ1 
λ2  · · ·  λ15 of the ES and of the EE (grey line) for an interval
with  = 64 sites in the chain with L = 256 sites and PBC after the
quench θ = π/8 → θ = π/4 to the QCP. Different degeneracies are
observed in regimes I, II, and III within the period.
III. QUENCHES AT THE QCP
We show the results only for the quench θ0 = π/8 → θ =
π/4, from the ferromagnetic phase to the QCP, because other
quenches provide similar outcomes. The subsystem A is a
block of a chain with PBC (Figs. 1 and 2) or a block at the
beginning of a chain with OBC (Fig. 3). The quasiparticle
picture [44,74,75] allows us to identify different regimes in
the time evolutions of the ES and of the EE, which are
separated by black dashed-dotted vertical lines in the figures.
After the quench, pairs of entangled quasiparticles are emitted
from every site in opposite directions with velocity vq =
min(1, cot θ ) [76,77]. This leads to a linear increase while the
initial quasi particles are still crossing the subsystem (regime
I) and then to a saturation when their flux becomes stationary
(regime II). In finite systems we also observe recurrences: the
quasiparticles emitted at the same point meet periodically at
times that are multiple integers of L/2
vq
for PBC and of L
vq
for
OBC (blue dashed-dotted vertical lines) [78–81]. For PBC
(Figs. 1, 2 and 4), we can identify three regimes I, II, III within
a period, ending, respectively, at t1 = /2vq (equilibration time),
t2 = (L−)/2vq and t3 =
L/2
vq
, while for OBC (Fig. 3) these times
are doubled.
In the time evolutions shown in Figs. 2 and 3, (gr )−1
(top panels) roughly grow linearly, stay constant or decrease
linearly in regime I, II, and III, respectively, like the EE.
Analytic CFT expressions for the time evolutions of the ES
in Figs. 2 and 3 are not available in the literature. Nonethe-
less, some of their characteristic features can be understood
through the CFT analysis performed in Ref. [31] for the ES of
a semi-infinite half of the infinite line, based on BCFT [82,83].
The continuum limit of the TFIC at the QCP is described
by the Ising CFT, whose central charge is c = 12 . In the
presence of boundaries, the conformal symmetry of the Ising
BCFT allows only three CBC. By adopting the BCFT ap-
proach to global quantum quenches with critical evolution
Hamiltonians [44,74,75,78,79] (see Ref. [84] for a recent
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OPERATOR CONTENT OF ENTANGLEMENT SPECTRA IN … PHYSICAL REVIEW B 101, 241107(R) (2020)
FIG. 2. Time evolution of (gr )−1 (top), gr/g1 (bottom) after the
quench θ0 = π/8 → θ = π/4 for an interval in the chain with PBC.
review) and following Ref. [31] (see also Refs. [12,85–89]),
we regularize the ultraviolet (UV) divergencies by remov-
ing small disks, with radius given by the infinitesimal UV
cutoff, centered at the entangling points. This introduces a
boundary around each entangling point, where a CBC a must
be imposed (see Ref. [67] for more details about the BCFT
analysis). When the subsystem is half of the infinite line, in
Ref. [31] it was found that the spacetime can be conformally
mapped into an annulus with different CBC a and b0 (the
latter one is related to the initial state [44]). This mapping
allows us to obtain that 1/gr = (2πτ0 r )−1t grow linearly
in time and that gr/g1 = r/1 are independent of time,
where r  1 and r ∈ S (a, b0) \ {0} are the nonvanishing
conformal dimensions of the primary fields and of their de-
scendants of the BCFT on the annulus with CBC a and b0. The
parameter τ0 encodes information about the initial state [90].
We remark that also gr SA provides the conformal spectrum of
the underlying BCFT [67].
When the system is finite, like in this manuscript, and the
subsystem A has N entangling points (N must be even for
PBC), the spacetime has the topology of a sphere with N + 2
boundaries for PBC and with N + 1 boundaries for OBC. In
the Euclidean spacetime, the CBC b1 and b2 are imposed
along the parallel segments corresponding to the physical
boundaries (for the OBC that we consider b1 = b2 ≡ b, given
by free boundary conditions).
At the beginning (regime I), we expect that the time evo-
lution of the ES is determined only by the spacetime around
the entangling points (some arguments are given in Ref. [67]).
This assumption leads to consider N independent copies of
the spacetime corresponding to the time evolution of half of
the infinite line; hence to employ the conformal spectrum of N
independent copies of the BCFT on the annulus found for the
semi-infinite line. Combining this assumption with the results
of Ref. [83] and assigning free boundary conditions both for
the CBC a (as found also through the numerical analysis of the
ES for some bipartitions at equilibrium [30]) and for the CBC
b0, we can explain the data in the regimes I of Figs. 2 and 3,
where N = 2 and N = 1, respectively. We remark that also
b corresponds to free boundary conditions in our numerical
analysis. These assignments lead to S (a, b0) = S (a, a) =
S (a, b) = {0, 12 , 32 , 2, 52 , 3, 72 , 4, 92 , 5, . . . } (for recent numer-
FIG. 3. Time evolution of (gr )−1 (top), gr/g1 (bottom) after the
quench θ0 = π/8 → θ = π/4 for an interval in the chain with OBC.
ical results see Refs. [91,92]), which implies thatSN (a, b0) =
{0, 12 , 1, 32 , 2, 52 , 3, 72 , 4, 92 , 5, . . . } for any N .
The quasiparticle picture allows to argue that the regimes
II are not influenced by the finite size of the system for
the chosen bipartitions, where  < L/2. It also identifies the
boundaries of the finite Euclidean spacetime that presumably
influence the time evolutions in this time regime. For all
the chosen bipartitions we just need the conformal spectrum
of a single Ising BCFT on the annulus. In particular, for
Fig. 2 S (a, a) has to be considered because the relevant
boundaries are the infinitesimal circles around the entangling
points. Instead, in Fig. 3 the physical boundary becomes
important in regime II and S (a, b) has to be employed (see
also Ref. [89] for this case). In our numerical analysis both a
and b correspond to free boundary conditions, hence they are
not distinguishable. These observations lead to expect that all
the regimes II are identical and this is confirmed in Figs. 2
and 3, up to oscillations.
Summarizing, the time evolutions of gr/g1 when 0 < θ0 <
π/4, for the bipartitions considered, seem determined by the
gaps of the conformal spectrum given by (0 ⊕ 12 )N in regime
I and by 0 ⊕ 12 in regime II. The above considerations based
on BCFT are expected to hold only for the low-lying part of
the ES [93].
IV. QUENCHES TO GAPPED HAMILTONIANS
By quenching across the QPT of the Ising model we en-
counter a dynamical quantum phase transition [64]. A dynam-
ical quantum phase transition occurs at times when the return
probability to the original state after the quench vanishes
(see [66] for a recent review). Usual quantum phase transitions
induce a universal behavior of correlation functions. Although
the return probability to the ground state bares similarities
with a boundary partition function at complex temperature,
a dynamical quantum phase transition does not lead to the
same universal features for the time-dependent correlation
functions.
We find that the entanglement spectrum provides univer-
sal information also crossing the dynamical quantum phase
transitions. Figure 4 shows the outcomes for a typical quench
across the QCP: qualitatively different ES are observed when
241107-3
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FIG. 4. Time evolution of (gr )−1 (top), gr/g1 (bottom) after
quenches such that H and H0 belong to different phases given
by θ0 = π/8 → θ = π/2 − π/8 (left) and θ0 = π/2 − π/8 → θ =
π/8 (right), for an interval having  = 128 sites in the chain with
PBC having L = 512 sites.
the two different directions between the phases are consid-
ered. In regimes I and III of the quench having θ0 < π4 and
θ > π4 (Fig. 4, left panels), we observe spikes for the ratios
gr/g1: they identify the points in time where the first gap
vanishes and hence the ratios diverge. In regime I, these
times coincide with the times when the Loschmidt echo is
singular [94]. This implies that these are the times that identify
the location of dynamical quantum phase transitions.
For quenches across the QCP in the other direction (Fig. 4,
right panels), the spikes are not observed. Still the ES becomes
gapless, as witnessed by the linear increase of the inverse gaps
in the regimes I of the quenches in both directions (modulo
the spikes discussed above) [94,95]. In quenches from larger
to smaller θ , this is more visible due to the absence of
spikes. The vanishing of the gap in the entanglement spectrum
already observed for quenches at the critical point is specific
to quenches across a dynamical quantum phase transition.
For generic quenches in the same phase the entanglement
spectrum indeed remains gapped as we show in Ref. [67].
The ratios gr/g1 display surprising behaviors, allowing us
to identify the gapless spectrum of the QCP. Indeed, in the
right panel of Fig. 4 they approach integer values in regimes
I and II. Furthermore, similar plateaux at integer values are
observed also in regime II in the left panel. This is the same
feature discussed above for the quenches at the QCP (see
regime I in Fig. 2) and could be attributed to the crossing of
the QCP. This hypothesis is supported by the fact that, when
the QCP is not crossed, the same plateaux at integer values for
gr/g1 in regime II are not observed (see Fig. 2 of Ref. [67]).
The collapse of the curves of gr/g1 on the integer values
in regime II for the quench from the paramagnetic phase to
the ferromagnetic phase improves as |θ − θ0| increases. Ac-
cording to the BCFT discussion relevant for the quenches at
the QCP, these integer values could be related to two copies of
the Ising BCFT on the annulus with free boundary conditions,
like in regime I of the quench at the QCP (see Fig. 2). A
possible interpretation could rely on the fact that, being the
evolution Hamiltonian gapped, the correlation length is finite;
hence the entangling points can be considered independent
from each other, as in regime I of the quench at the QCP.
It would be important to support these observations through
analytic results.
The possibility of defining scaling and universality when
crossing several dynamical quantum phase transitions is still
debated [66]. Our results seem to indicate that this is the case
when the entanglement spectrum is considered.
V. SUMMARY AND DISCUSSION
In finite TFIC with either PBC or OBC (reflecting bound-
aries), we studied numerically the time evolution of the gaps
gr of the ES of a block after a global quantum quench of the
magnetic field. Interesting information is provided by the ra-
tios gr/g1, which take constant values in various time regimes,
for the lower part of the ES. When we quench to the QCP, the
first thermalization regime (regime II) is determined by the
conformal spectrum of the Ising BCFT with the proper CBC.
Surprisingly, this feature is observed also for quenches across
the QCP, where it provides insight on the possible presence of
universality and scaling. Furthermore, these results are robust
under reasonable changes of the initial state. Our analysis
leads also to identify the proper CBC to adopt in the BCFT
approach to global quenches [31,44,74,75,78,79] that allow
us to reproduce the numerical results (as done in Ref. [30] at
equilibrium in the ground state).
This work can be extended by considering different bound-
ary conditions, different quench protocols [96], different
bipartitions and quenches in interacting spin chains (e.g.,
XXZ and the Hubbard model). It is important to understand
quantitatively the role of the generalized Gibbs ensemble in
our analysis. Some preliminary results in this direction are
presented in Ref. [67]. The relation between the ES after a
quench across the QCP and the features of the dynamical
quantum phase transitions also deserves further, more quan-
titative, analysis. Interesting results about the ES could be
obtained also by considering directly the full entanglement
Hamiltonian [73,85,97–105], even for spatially inhomoge-
neous lattice systems [88]. Extending all these analyses to
higher dimensions is also very important. Our results naturally
suggest that experiments on entanglement spectroscopy of
out-of-equilibrium correlated many-body quantum systems
could provide ways to measure the critical exponents.
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